Polymer electrolyte membrane (PEM) fuel cells convert the chemical energy of hydrogen and oxygen directly into electrical energy. Waste heat and water are the reaction by-products, making PEM fuel cells a promising zero-emission power source for transportation and stationary co-generation applications. In this study, a mathematical model of a PEM fuel cell stack is formulated. The distributions of the pressure and mass flow rate for the fuel and oxidant streams in the stack are determined with a hydraulic network analysis. Using these distributions as operating conditions, the performance of each cell in the stack is determined with a mathematical, single cell model that has been developed previously. The stack model has been applied to PEM fuel cell stacks with two common stack configurations: the U and Z stack design. The former is designed such that the reactant streams enter and exit the stack on the same end, while the latter has reactant streams entering and exiting on opposite ends. The stack analyzed consists of 50 individual active cells with fully humidified H 2 or reformate as fuel and humidified O 2 or air as the oxidant. It is found that the average voltage of the cells in the stack is lower than the voltage of the cell operating individually, and this difference in the cell performance is significantly larger for reformate/air reactants when compared to the H 2 /O 2 reactants. It is observed that the performance degradation for cells operating within a stack results from the unequal distribution of reactant mass flow among the cells in the stack. It is shown that strategies for performance improvement rely on obtaining a uniform reactant distribution within the stack, and include increasing stack manifold size, decreasing the number of gas flow channels per bipolar plate, and judicially varying the resistance to mass flow in the gas flow channels from cell to cell.
Introduction
Polymer electrolyte membrane (PEM) fuel cells convert the chemical energy of hydrogen and oxygen directly and efficiently into electrical energy with by-products of heat and liquid water. PEM fuel cells also have a high power density, quick start-up and load following characteristics, making them attractive zero emission power sources [1] . Before PEM fuel cells can be successfully commercialized, the production cost must be reduced from the current estimate of approximately $200/kW to $30/kW [2] . Increasing the energy conversion efficiency and power output of the PEM fuel cells could decrease the cost per kW, and thus several empirical and mathematical modeling studies have been undertaken for the purpose of understanding and predicting PEM fuel cell performance.
In order to satisfy the power demand of most applications, several PEM fuel cells must be connected in series to form a PEM fuel cell stack. However, heat and water management strategies, which are successful for single PEM fuel cells, are difficult to implement in a stack environment; the efficiency and power output of a PEM fuel cell operating within a stack are lower than the performance of a PEM fuel cell operating independently [3] . Thus, single cell PEM fuel cell models cannot be directly applied for PEM fuel cell stack optimization. This is because the operating conditions for each cell in a stack are typically not the same as the conditions at the stack inlet, and are different among the cells themselves due to the non-uniform reactant flow distribution among the cells, influenced by the pressure loss associated with each flow passage.
Several modeling studies of PEM fuel cell stacks exist in the published literature. Empirical models, originally developed for a single PEM fuel cell, have been extended to model PEM fuel cell stacks. The empirical, single cell model of Kim et al. [4] was applied to a stack by Chu et al. [5] . The stack voltage was characterized as a function of current density using terms that represented activation overpotential, ohmic overpotential, and mass transport limitations. The generalized steady state electro-chemical model (GSSEM) [6] has been applied to both single PEM fuel cells and stacks. Stack voltage has a functional dependence on the partial pressure of the reactants, current density and temperature through terms accounting for activation, concentration and ohmic overpotential, CO poisoning, and performance degradation due to aging [7] . Mathematical PEM fuel cell models have also been extended to simulate stack performance. The single cell model of Nguyen and White [8] was isothermal, two-dimensional, steady state, and incorporated mass transport in the electrode backing, the electro-chemical reaction of the cathode, and proton migration in the polymer electrolyte. By modeling the reactant flow in the gas flow channels and stack manifold as a pipe network, Thirumulai and White [9] extended the single cell model to simulate stack performance.
Due to the exothermic nature of the electro-chemical reactions occurring within a PEM fuel cell, thermal management within a stack is a significant consideration for stack design. Maggio et al. [10] investigated the temperature and current density distribution in a PEM fuel cell stack using a three-dimensional model. The temperature distribution in the cooling plate, cooling water and membrane electrode assembly was found through application of conservation of energy, while the electro-chemical performance of the PEM fuel cell was determined with the empirical relationship of Patel et al. [11] . The model of Maggio et al. [10] was developed for a stack operating in steady state, but the model of Lee and Lalk [12] allowed for a non-steady state simulation. As with the model of Maggio et al. [10] , the model of Lee and Lalk [12] determined the temperature distribution within the stack using conservation of energy and the voltage of each cell in the stack was found with the empirical model of Kim et al. [4] .
When used as a power source for stationary or transportation applications, a PEM fuel cell stack requires auxiliary equipment for providing fuel, oxidant and heat removal; the stack operates as a component in a larger energy conversion system. Barbir et al. [13] developed a model of a PEM fuel cell stack system consisting of a stack, air compressor subsystem for the stack oxidant supply, gasoline reformer subsystem for the stack fuel supply, and cooling subsystem. The electro-chemical performance of the stack was modeled using an empirical, linear current-voltage relationship and the system water balance and efficiency was investigated at various operating pressures and temperatures. A PEM fuel cell stack system consisting of a stack, air compression subsystem, compressed hydrogen supply subsystem, and cooling subsystem was modeled by Cownden et al. [14] . The stack voltage and power output were determined with the GSSEM of [6] and the efficiencies of both the stack and system were examined.
This study formulates a PEM fuel cell stack model. The reactant distribution within the stack is modeled by treating the stack manifold and gas flow channels as a pipe network, and the voltages of the cells in the stack are determined with the single cell, steady state, isothermal model developed previously by the present authors [15] . U and Z configuration stacks operating with humidified hydrogen or reformate as the fuel and humidified oxygen or air as the oxidant are simulated, strategies for reducing the unequal distribution of reactants within the stack are examined, and methods for the improvement of stack performance are described based on the results of the present study.
Model formulation
In general, a PEM fuel cell stack consists of several PEM fuel cells connected in series, as illustrated in Fig. 1 . The cathode side of the PEM fuel cell is exposed to the oxidant, while fuel is introduced to the anode side of the cell. Each cell in the stack consists of several components. The bipolar plates conduct electrons and have grooves, referred to as gas flow channels, that supply fuel or oxidant to the PEM fuel cell. The anode and cathode electrode backings also conduct electrons and allow reactants to access the catalyst layer. In the catalyst layer, electro-chemical reactions convert the chemical energy of the fuel and oxidant to electrical energy. Reduction of oxygen occurs in the cathode catalyst layer and the oxidation of hydrogen occurs in the anode catalyst layer. The polymer electrolyte membrane conducts the proton produced by hydrogen oxidation to the cathode for participation in the reduction of oxygen. The fuel and oxidant for each PEM fuel cell are supplied by the stack manifold, with the anode manifold supplying fuel and the cathode manifold supplying oxidant. The major component of the fuel for a PEM fuel cell is hydrogen, with carbon dioxide and carbon monoxide being present if reformate fuel is utilized. The presence of carbon monoxide severely degrades the performance of a PEM fuel cell through the mechanism of CO poisoning [16] . Mitigation of CO poisoning is possible with oxygen or air bleeding, whereby 1 to 4% oxygen is added to the fuel; thus oxygen and nitrogen can also be present in the fuel stream. The oxidant used in a PEM fuel cell is oxygen, with nitrogen being present if air is used as the oxygen supply. The gas flow channels remove the water produced by the electro-chemical reactions within the MEA and supply the humidity required to avoid polymer electrolyte membrane dehydration; thus liquid and vapor phase water are present in both the oxidant and fuel streams. In addition to fuel and oxidant, water is circulated through cooling plates in order to remove the heat produced by the PEM fuel cells and maintain a constant stack temperature.
The stack performance, often measured in terms of the stack voltage, can be determined by:
where N cell is the total number of fuel cells in the stack, E cell is the voltage of each cell (from bipolar plate to bipolar plate), and η cp is the ohmic loss due to a cooling plate. In this study, the voltage of each cell is found with the single cell model of Baschuck and Li [15] . The single cell model is one-dimensional and assumes that the cell is isothermal and operating in steady-state with fully humidified reactants. Cell voltage is calculated with:
where E rev is the reversible cell voltage, η a and η c are the overpotentials attributed to the anode and cathode catalyst layers, respectively. The voltage losses caused by the bipolar plate, electrode backing and polymer electrolyte membrane are denoted by η bp , η e , and η m , respectively. The reversible cell voltage is the cell potential obtained at thermodynamic equilibrium. It is a function of temperature and reactant concentration through a modified version of the Nernst equation. The cell voltage is reduced from the reversible cell voltage by the overpotentials associated with the various components of the PEM fuel cell. The voltage losses attributed to the bipolar plate and electrode backing are the result of electron migration; the overpotential is calculated by considering the electrode backing and bipolar plate as electrical resistances. Proton migration is responsible for the voltage loss in the polymer electrolyte membrane and thus the voltage loss is determined by the Nernst-Planck equation. The conductivity of the polymer electrolyte is a function of hydration, but the single cell model [15] assumes that the reactants and the polymer electrolyte are fully humidified; thus the conductivity is constant. Therefore, the polymer electrolyte membrane overpotential is a function of the membrane properties, such as conductivity and thickness, and current density.
For a PEM fuel cell operating with CO-free fuel, the cathode catalyst layer overpotential is the major voltage loss. The anode and cathode catalyst layer overpotentials are found by considering species conservation, proton and electron migration within the catalyst layers. Proton and electron migration within the catalyst layers are related to the protonic and ionic current through Ohm's law.
Species conservation requires modeling of reaction kinetics and mass transport. Oxygen reduction is modeled with the Butler-Volmer equation in the cathode catalyst layer, while in the anode catalyst layer the adsorption and desorption of H 2 , CO and O 2 , the electro-oxidation of the adsorbed hydrogen and carbon monoxide, and the heterogeneous oxidation of H 2 and CO by O 2 are included in the reaction kinetics. The reaction rates in the catalyst layers are functions of overpotential and reactant concentrations; the functional dependency on concentration necessitates consideration of mass transport. The concentrations within the catalyst layers are influenced by resistance to mass transport from the gas flow channels to the electrode backing, within the electrode backing, and within the catalyst layer. The mass transfer from the gas flow channels to the gas flow channel/electrode backing interface is calculated using a logarithmic mean concentration relationship. Mass transport within the electrode backing and catalyst layers is assumed to be through diffusion only and the diffusion coefficients are formulated such that a variable amount of liquid water can exist within the pore space of the electrode backing and catalyst layers; thus the PEM fuel cell can be simulated with a variable degree of water flooding.
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Determination of the reversible cell potential and overpotentials requires several input parameters, which can be classified as operating or design parameters. Design parameters depend on the manufacture of the PEM fuel cell and include properties, such as conductivity and porosity, and geometric dimensions. Design parameters can be further classified according to the components of a PEM fuel cell; thus there are bipolar plate, electrode backing, catalyst layer, and polymer electrolyte membrane design parameters. The operating parameters include current density, temperature, pressure, reactant composition and stoichiometry.
The PEM fuel cells in a stack will have the same design parameters. Due to the series connection, the current density in each cell will be equal. As well, the circulation of cooling water allows each cell to have the same temperature. However, the pressure, reactant composition and stoichiometry can vary from cell to cell if the mass flow rate and pressure distributions within the stack are unequal.
Therefore, the stack model presented here consists of two parts: the single cell model and the stack flow model. The single cell model, as described above, determines the voltage of each cell in the stack based on the cell inlet pressure, temperature, stoichiometry, and reactant composition in the gas flow channels, as well as the current density and design parameters. In order to find the cell inlet pressure, temperature, stoichiometry and reactant composition, the mass flow rate and pressure distributions among each cell within the stack must be determined; this constitutes the stack flow model. The voltage loss attributed to the cooling plate in eqn (1) is determined by assuming that the cooling plate has the same overpotential as the bipolar plate in the single cell model. The single cell model is described in detail elsewhere [15] and only the stack flow model will be presented here.
Stack flow model
The mass flow rate and pressure distributions within the stack are coupled; thus they must be solved simultaneously. The fuel or oxidant flow within the stack is modeled as a pipe network, and is illustrated in Fig. 2 . Two stack configurations are considered in this study: the U and Z configurations. Other stack configurations can be treated similarly. The U configuration is illustrated in Fig. 2(a) and is characterized by the stack inlet and outlet being on the same end of the stack. The Z configuration, which is shown in Fig. 2(b) , has the flow inlet and outlet on opposite ends of the stack. For both the U and Z configuration, the section of stack manifold that supplies the reactants to the gas flow channels of the PEM fuel cells is referred to as the top section, while the gas flow channels exit into the bottom section of stack manifold.
If two PEM fuel cells and the connecting manifold sections are considered, as illustrated in Fig. 2 , then the pressure losses in the gas flow channels and manifold 
where α equals −1 for the U configuration, 1 for the Z configuration, and i = 1 at the stack inlet. Each pressure loss is a function of the mass flow rate in the manifold section or gas flow channel; thus the pressure and mass flow rate distributions must be solved simultaneously. The mass flow rate in the top sections of the manifold can be related to the mass flow rate entering the gas flow channels of each PEM fuel cell:ṁ
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whereṁ i cell,out is the mass flow rate exiting the gas flow channels. Because of the reactions occurring within the anode and cathode catalyst layers, the mass flow rate at the inlet of the gas flow channels is not equal to the value at the outlet. The inlet and outlet mass flow rates are related:
where ṁ r is the mass consumed in the catalyst layers. Hence, the mass generated will be written with a minus sign. The anode and cathode values of ṁ r differ and are functions of current density. Equation (3), in conjunction with eqns (4) and (5), can be applied to generate N cell −1 equations with N cell unknownṁ i cell,in values. One final equation is required to solve for the unknownṁ i cell,in 's, and this equation is the mass conservation for the stack as a whole:ṁ
With the addition of eqn (7), determination of the mass flow rate and pressure distributions within the stack is possible. However, the relationship between the pressure loss and mass flow rate must be determined first, as well as the value of ṁ r for the anode and cathode gas flow channels. These are presented in the next sections.
Manifold pressure loss
The pressure loss in either the top or bottom section of stack manifold is found with:
where P m is the pressure loss due to the change in momentum of the fluid and P f is the pressure loss due to the wall friction. The losses due to the branching of the flow, or minor losses, are not included in this formulation because appropriate coefficients are not available for the flow conditions encountered. However, a separate experimental investigation is under way to develop empirical correlation for the minor loss coefficient associated with the branching/confluence flow, and therefore, minor loss will be integrated in future studies. The pressure loss due to a change in momentum is given by:
whereṁ is the mass flow rate in the manifold section, A m is the manifold crosssectional area and V is the velocity. The velocity within the manifold section can be found with:
where ρ is the density of the fluid. The fluid in both the manifold and gas flow channels consists of a mixture of a multi-component gaseous phase and liquid water. The density of this mixture depends on pressure, temperature and the mass fraction of the gaseous phase; Appendix A describes the calculation of density. The pressure loss due to friction in the manifold sections is given by:
where C f is the friction coefficient, L s is the length of the manifold section between the gas flow channels of the PEM fuel cells, and d stack h is the hydraulic diameter of the stack manifold. The subscript "ave" refers to the arithmetic average of the inlet and outlet values; because density is a function of pressure and mass fraction of the gas phase, the inlet and outlet values will differ. The distance L s depends on the thickness of the PEM fuel cell and is equal to the thickness of two bipolar plates, one MEA and one cooling plate. In this study, the cooling plate is assumed to have the same dimensions as the bipolar plate. The friction coefficient is a function of the Reynolds number [17] :
where Re d h is the Reynolds number of the flow based on the hydraulic diameter:
The viscosity of the fluid is denoted by µ and is calculated with the equations described in Appendix A. As in eqn (11), the subscript "ave" denotes the arithmetic average of the inlet and outlet values. For Reynolds numbers between 2000 and 4000, a linear relationship is used for the friction coefficient:
where 
Cell pressure loss
The pressure loss calculation for the PEM fuel cell gas flow channels is similar to the manifold sections, with the total pressure loss being calculated with eqn (8).
However, due to the change in mass flow rate between the inlet and outlet of the gas flow channels, the formulation of P m and P f differ from the manifold section formulation. The pressure loss due to momentum change is:
where A fc is the cross-sectional area of a gas flow channel. The bipolar plate, with the manifold and gas flow channels, is illustrated in Fig. 3 . Two flow channel configurations are shown: serpentine and parallel. Both configurations allow for several gas flow channels to exist on a single bipolar plate. In this study, the gas flow channels on a bipolar plate are assumed to have the same resistance to mass flow; hence all of the gas flow channels on a single bipolar plate have the same mass flow rate. Therefore, the pressure losses of all the gas flow channels on the bipolar plate are found by considering only the flow in one gas flow channel. The mass entering and exiting one gas flow channel can be found with:
where n c is the number of gas flow channels per bipolar plate. Modeling of PEM fuel cell stacks with hydraulic network approach 293
The pressure loss due to friction is determined with:
where L fc is the length of a gas flow channel and d fc h is the gas flow channel hydraulic diameter. The determination of the friction coefficient, average density and average velocity in eqn (18) is the same as for the stack manifold sections. This implies that the effect on the friction coefficient of wall suction due to the reactants flowing into the catalyst layers for electrochemical reactions and the wall blowing due to the reaction products coming out of the cathode catalyst layer are not accounted for. The wall suction/blowing might in reality have significant impact on the friction coefficient, their impact on the transport of momentum, heat and mass is being investigated numerically and will be incorporated later once the relevant information is available.
Further, in the above approach for the pressure loss calculation associated with reactant stream in the flow channels built on bipolar plates, the minor loss associated with the bend or turn of the flow direction, as mandated by the serpentine flow channel design, has not been included due to the lack of relevant information. An experimental study is currently under way to measure the associated pressure loss in the serpentine flow channels, and correlations for the minor loss coefficient will be developed and included to improve the model formulated here. However, it might be pointed out that the minor loss for the branching/confluence flow associated with the flow in the manifolds and in the serpentine flow channels will affect the total pressure loss within the stack, but is relatively small in its impact on the reactant mass distribution among the cells in the stack. Therefore, their effect on the final results shown in this study is small as well, and can be neglected.
Mass consumed in the catalyst layers
The amount of mass consumed in the anode and cathode catalyst layers differ, but in general can be written as:
where the summation is over all of the species present in the catalyst layers. For the anode catalyst layer, the species present are H 2 , CO, CO 2 , O 2 , N 2 and H 2 O. The amount of H 2 , CO and O 2 consumed in the anode catalyst layer can be calculated using Faraday's law:ṁ
where I δ is the current density, A cell is the active area of a PEM fuel cell, F is the Faraday constant, andM is the molecular weight. The concentration of CO is typically at the ppm level, while the concentration of O 2 is 1 to 4 percent; as a result the amount of O 2 and CO removed from an anode gas flow channel will be much less than the amount of H 2 removed. Thus, in order to simplify the solution procedure, the values of ṁ CO r and ṁ O 2 r are neglected. Since the amount of CO consumed is negligible, the mass flow rate of CO 2 will not change between the inlet and outlet of a gas flow channel. Nitrogen, if present, does not react in the anode catalyst layer. The water produced in the cathode catalyst layer is removed by the cathode gas stream in practical PEM fuel cell stack operation, and thus this study assumes that no water is added or removed from the anode gas flow channels. Therefore, the only species that is consumed in the anode catalyst layer is H 2 , and the mass consumed for the anode is:
In the cathode catalyst layer, the species present are O 2 , N 2 , and H 2 O. Nitrogen does not react in the cathode catalyst layer and the amount of oxygen consumed can be calculated with Faraday's law:
All of the water produced by the PEM fuel cell is assumed to enter the cathode gas flow channels; thus the amount of water consumed (actually generated, hence the negative sign in the equation below) in the cathode catalyst layer becomes:
The negative sign denotes that the water produced by the cathode catalyst layer is added, not removed from, the cathode gas flow channels. Therefore, the amount of mass consumed by the cathode catalyst layer becomes:
Boundary conditions
The boundary conditions for the above model formulation are specified at the stack inlet, that include the temperature, pressure, reactant composition. The reactant flow rate is determined based on the stack current density specified and the stoichiometry of the reactant desired. Then the stack performance and the reactant at the stack outlet are determined by the model presented earlier.
The following section on numerical procedure provides the details on how the boundary conditions are implemented for the model formulated.
Numerical procedure
As with the single cell model, the input parameters for the stack flow model are classified as operating and design parameters. The design parameters are the stack 
where the inlet molar flow rates of hydrogen and oxygen to the anode and cathode sides of the stack, respectively, are denoted by N stack . Using stoichiometry and current density, the inlet molar flow rates of hydrogen in the anode manifold and oxygen in the cathode manifold can be calculated. The mass flow rate at the stack inlet can be determined with the molar flow rates and reactant composition.
The relationship between pressure and mass flow rate in the manifold sections and gas flow channels is non-linear; therefore the mass flow rate and pressure distributions must be calculated using an iterative procedure. The numerical solution begins with assumed values ofṁ i cell,in and two levels of iteration are then required. The outer level of iteration solves for the pressure and mass flow rate distributions within the stack. For a given mass flow rate, the procedure for determining the pressure loss in the gas flow channels or stack manifold is iterative; thus an inner level of iteration is required to find the values of P i cell , P i top and P i bot for the estimate of mass flow rate.
Outer iteration
Using estimated values ofṁ i cell,in , values forṁ i top andṁ i bot can be calculated using eqns (4) and (5) . Applying these values of mass flow rate to eqn (3) results in a pressure residual:
The residual can be set to zero by changing the assumed mass flow rates:
Combining eqns (27), (28) and using a Taylor series expansion yields a relationship between the ṁ i cell,in , ṁ i top and ṁ i bot :
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where the derivatives are calculated numerically [18] . From eqns (4) and (5), ṁ i top and ṁ i bot can be rewritten in terms of ṁ i cell,in :
Thus, eqn (29) can be used to make N cell − 1 equations for the N cell values of ṁ i cell,in ; it becomes for the Z configuration stack:
and for the U configuration stack:
The final equation needed to solve for the ṁ i cell,in comes from the overall mass conservation eqn (7):
Equations (34) and either (32) or (33) can be solved for the corrections to the assumed mass flow rate distribution with a linear equation solver, such as LU decomposition [18] . The mass flow rate distribution estimation is then updated:
Using the updated values ofṁ i cell,in , new values of ṁ i cell,in are found until convergence, which is achieved when: 
Inner iteration
The pressure loss in the gas flow channels and stack manifold are functions of the inlet and outlet mass flow rate, density, and viscosity. Density and viscosity are functions of the mass fraction of the gas phase (χ), the species mole fractions in the gas phase (x i ), and the pressure. However, the outlet pressure is not known until the pressure loss is calculated; hence an iterative procedure is required to determine the pressure loss in the gas flow channels or stack manifold. From the estimated mass flow rates in the outer iteration, the pressure, mass fraction of gas phase and species mole fractions in the gas phase are known at the inlet of the gas flow channel or stack manifold. In order to obtain values of χ and x i at the outlet, the mass flow rate of each species at the outlet must be known. For the species other than water, calculation of the mass flow rate is straightforward. The mass flow rates of the species other than water at the inlet and outlet of the stack manifold sections are equal; the mass flow rates of H 2 in the anode and O 2 in the cathode gas flow channels are reduced by ṁ r , respectively, and all other non-water mass flow rates are the same at the inlet and outlet of the gas flow channels.
The amount of water exiting in liquid or vapor phase depends on the outlet pressure of the gas flow channels or stack manifold section. The maximum mole fraction of water in the gaseous phase at the outlet is:
where P
sat is the saturation pressure of water and P k out is the estimated value of outlet pressure. With this mole fraction, the maximum mass flow rate of water vapor can be found:ṁ max
The total mass flow rate of water (liquid and vapor) is:
where ṁ
is only non-zero for the cathode gas flow channels. Using eqns (38) and (39), the mass flow rates of the liquid and vapor water can be found: Knowledge of the outlet mass flow rates allows for the calculation of the outlet mole fractions in the gas phase and the mass fraction of the gas phase:
With the values of pressure, mole fraction, mass fraction and mass flow rate at the inlet and outlet, the pressure loss in either the gas flow channel or stack manifold can be determined with eqn (8) . This value of P can then be used to generate a new estimate for the outlet pressure:
Iteration continues until:
Numerical procedure summary
Using the inner and outer iterations, the mass flow rate and pressure distributions in the stack are solved with the following procedure, for a given current density output from the stack:
1. An initial estimate forṁ i cell,in is made. 2. Using the inner iteration and the estimated value ofṁ i cell,in , P i cell , P i top , and P i bot are calculated.
The values of ṁ i
cell,in are calculated and used to generate new values foṙ m i cell,in . 4. Steps 2 to 3 (the outer iterations) are repeated until convergence. 5. The current density output can be varied, and the above procedures repeated in order to determine the stack performance for a range of loading conditions.
The solution of the stack flow model provides the mass flow rate, composition and pressure at the inlet of each PEM fuel cell in the stack. These values are used by the single cell model of [15] to calculate values of E cell for each cell. The cell voltages, along with the value of η cp also calculated by the model of [15] , are used in eqn (1) to determine the stack voltage. with anode and cathode inlet pressures of 250 kPa, stoichiometries of 1.1 and 2, respectively, and a temperature of 358 K. The performance of a single cell and stack operating with fully humidified hydrogen as the fuel and fully humidified air, consisting of 21% O 2 and 79% N 2 , as the oxidant (H 2 /air reactants) is compared in Fig. 4(a) . Figure 4 (b) compares single cell and stack performance with fully humidified reformate, consisting of 75% H 2 and 25% CO 2 , as the fuel and fully humidified air as the oxidant (reformate/air reactants), while single cell and stack performance with fully humidified hydrogen as the fuel and fully humidified oxygen as the oxidant (H 2 /O 2 reactants) is compared in Fig. 4(c) . For operation with H 2 /air and reformate/air reactants, the average cell voltage in the stack is less than the voltage of a single cell operating independently. The cell-to-cell voltage variation can be quantified by the voltage spread of the stack:
Results and discussion
where E max cell and E min cell are the maximum and minimum cell voltages, respectively, within the stack. For the H 2 /air reactants of Fig. 5(a) , the voltage spread for the U configuration stack is 9.8% and 5.0% for the Z configuration stack. Operation with reformate/air reactants yields voltage spreads of 15% and 6.2% for the U and Z configuration stacks, respectively. Although not illustrated in Fig. 5 , operation with H 2 /O 2 reactants and at the current density of 0.88 A/cm 2 , which corresponds to the average cell voltage of 0.6 V, results in voltage spreads of only 0.0021% and 0.0018% for the U and Z configuration stacks, respectively. These voltage spread values show that a high voltage spread corresponds to a poor stack performance when compared to a single cell. Z configuration stacks have a better performance and lower voltage spread than U configuration stacks, while operation with reformate/air reactants results in the lowest performance and the highest voltage spread. Therefore, in practice, a low voltage spread and uniform cell-to-cell performance is desirable in order to maximize cell performance.
The cell-to-cell voltage variations shown in Fig. 5 are the result of the pressure loss distribution, leading to non-uniform distribution of mass flow rate among the cells within the stack. This unequal distribution of mass flow rate among the cells in the stack creates cell-to-cell variations in the anode and cathode stoichiometry. To illustrate how the mass flow rate distribution affects the cell voltage distribution in a stack, the anode and cathode cell stoichiometry in a Z configuration stack is presented in Fig. 6 . Operation with H 2 /air reactants and at the current density of 0.41 A/cm 2 results in little anode stoichiometry variation among the cells in the stack, as illustrated in Fig. 6(a) . However, the cathode stoichiometry variation is similar to the cell voltage distribution shown in Fig. 5(a) . The cathode stoichiometry varies more than the anode stoichiometry due to the larger mass flow rate in the cathode gas flow channels. The average Reynolds number in the anode gas flow channels is around 32, but due to the presence of inert N 2 gas, the Reynolds number is approximately 640 in the cathode gas flow channels.
The use of reformate/air reactants and a current density of 0.32 A/cm 2 results in variation in both the anode and cathode stoichiometry, as illustrated in Fig. 6(b) . The anode stoichiometry shows more variation for reformate fuel than for hydrogen fuel due to the higher flow rate caused by the presence of the inert CO 2 ; the average Reynolds number in the corresponding gas flow channels is about 112 for the reformate fuel.
In a manner similar to the cell voltage variation, the cell-to-cell variation in stoichiometry can be quantified by the stoichiometry spread of the stack: where S max cell and S min cell are the maximum and minimum values, respectively, of cell stoichiometry within the stack. For the H 2 /air reactants of Fig. 6(a) , the anode stoichiometry spread is only about 1%, while the cathode stoichiometry spread is 50%. The use of reformate/air reactants, as illustrated in Fig. 6(b) , results in an anode stoichioimetry spread of 10% and a cathode stoichiometry spread of 42%. The cathode stoichiometry spread is greater for the case with H 2 /air reactants than for reformate/air reactants because the H 2 /air case uses a larger current density. With a larger current density, the mass flow rate increases and generates a larger stoichiometry spread; the average Reynolds number in the cathode gas flow channels, when reformate/air reactants and a current density of 0.32 A/cm 2 are used, is approximately 501 while, as mentioned previously, the average Reynolds number in the cathode gas flow channels is about 640 for the H 2 /air case. However, the larger anode stoichiometry spread results in a larger cell voltage spread when reformate/air reactants are used.
Obtaining a uniform mass flow rate distribution within a PEM fuel cell stack reduces the voltage spread and improves stack performance. The degree of flow uniformity through the side branches of a manifold system depends on the ratio of cross-sectional area between the side branches and manifold, and the resistance to mass flow in the side branches and manifold [19] . The ratio of cross-sectional area between the side branches and manifold is defined as:
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In principle, a uniform mass flow rate distribution is achieved whenf approaches zero. However, nearly uniform flow can be obtained in reality at a finite value off . From eqn (49),f can be reduced by increasing the cross-sectional area of the stack manifold. The effect of stack manifold cross-sectional area, or manifold area, on voltage spread for stacks operating with H 2 /air reactants and a current density of 0.41 A/cm 2 , reformate/air reactants and a current density of 0.32 A/cm 2 , and H 2 /O 2 reactants and a current density of 0.88 A/cm 2 is illustrated in Fig. 7 .Although the different mass flow rates in the anode and cathode manifold could warrant different manifold areas, the results shown in Fig. 7 are for anode and cathode manifold areas that are equal. It is seen that the voltage spread decreases as the manifold area is increased if H 2 /air or reformate/air reactants are used. Within the range of manifold areas considered in The U configuration stacks exhibit greater cell-to-cell variation than the Z configuration stacks, while operation with reformate/air reactants results in a larger voltage spread than operation with H 2 /air reactants. This is evident in Table 2 , which lists the critical manifold areas andf values corresponding to a voltage spread of 1%. The U configuration stacks require a larger manifold area than the Z configuration stacks in order to obtain a voltage spread of 1%. For a given stack configuration, reformate/air reactants require a larger manifold area than H 2 /air reactants; thus stacks designed for H 2 /air reactants may not operate effectively if switched to reformate/air reactants.
Decreasing the number of gas flow channels per bipolar plate (n c ) can also reduce the value off in eqn (49), resulting in less cell-to-cell voltage variation. To illustrate this, Fig. 8 shows the effect of manifold area on voltage spread for U and Z configuration stacks employing a bipolar plate with one serpentine gas flow channel. Table 3 tabulates the bipolar plate design parameters used for the simulation results of Fig. 8 . Other than the value of n c used (3 in Fig. 7 and 1 in Fig. 8 ), all other parameters used in the simulations of Fig. 8 are the same as in Fig. 7 , such as stack configuration, reactant composition and current density. The trends illustrated in Figs 7 and 8 are also similar. Increasing the manifold area decreases the voltage spread if H 2 /air or reformate/air reactants are used, while the manifold area does not affect the voltage spread when H 2 /O 2 reactants are used. For a given manifold area, the Z configuration stack has a smaller voltage spread than the U configuration stack.
Although reducing the number of gas flow channels does not affect the general relationship between voltage spread and manifold area, a reduction in n c significantly decreases the magnitude of the voltage spread. Therefore, the manifold area corresponding to a voltage spread of 1% would be expected to be smaller if one, rather than three, gas flow channel grooves exist on each bipolar plate. Table 4 lists the critical manifold areas andf values corresponding to a voltage spread of 1% for stacks utilizing one gas flow channel per bipolar plate. Comparing the entries of Tables 2 and 4 , it is evident that the critical manifold areas for the n c = 1 stacks are approximately one-third of those when n c = 3. However, less variation occurs Figure 9 : Cathode stream stack pressure loss for a Z configuration stack operating with H 2 /air reactants, a current density of 0.41 A/cm 2 , and 1 or 3 gas flow channels per bipolar plate (n c ).
the current density is 0.41 A/cm 2 . The pressure loss increases by approximately 9 times if the number of gas flow channels per bipolar plate is reduced from three to one, caused by the combined effects of a lengthened flow path and higher flow velocity in the gas flow channel. However, the general effect of manifold area on the stack pressure loss is the same regardless of the number of gas flow channels.
As the manifold area is increased, the pressure loss decreases initially, but then becomes independent of manifold area. This plateau in the pressure loss/manifold area plot indicates that the manifold area is sufficiently large such that the friction loss attributed to the manifold does not contribute to the overall stack pressure loss; the stack pressure loss depends almost solely on the gas flow channels. In practice, n c = 1 is the minimum that can be used. However, depending on the cell size, the flow path and the momentum loss in the gas flow channel may be too large, resulting in an excessive pressure loss; this large pressure loss increases the parasitic power required for gas compression and decreases the overall stack effeciency. Thus, n c = 3 is often used for large stacks consisting of large cells. In a pipe network, the distribution of mass flow rate is influenced by the flow resistance in each pipe; pipes with a high resistance to mass flow have smaller mass flow rates than pipes with a low resistance to mass flow. Therefore, one method of reducing the cell-to-cell variation of mass flow rate and cell voltage in a PEM fuel cell stack is to alter the resistance to mass flow in the gas flow channels. In this study, the resistance to mass flow in the gas flow channels is altered through the addition of a term in the pressure loss due to friction, eqn (18) :
where ζ is the flow resistance parameter that, if greater than one, increases the resistance to mass flow in the gas flow channel. Practically, the resistance to mass flow can be increased by either decreasing the gas flow channel hydraulic diameter, increasing the length of the gas flow channel, or installing a flow obstruction in the gas flow channel. Reducing voltage spread by varying the flow resistance parameter among the cells in the stack can be illustrated by considering a Z configuration stack operating with H 2 /air reactants and a current density of 0.41 A/cm 2 . In order to reduce cell-tocell cathode stoichiometry variation, the flow resistance parameter for the cathode gas flow channels is set according to:
where S i c is the cathode stoichiometry of cell i in Fig. 6 (a) and S min c is the minimum cathode stoichiometry in Fig. 6(a) . Using these values of ζ i , the cellto-cell variation of cathode stoichiometry is greatly reduced when compared to the variation resulting from using a constant ζ = 1, as illustrated in Fig. 10 . The variable values of ζ i are shown in the inset of Fig. 10 . The reduction in cathode stoichiometry variation results in a 0.5% voltage spread, which is much smaller than the 5% voltage spread achieved by using ζ = 1 for all cells in the stack. Significantly, the use of the variable flow resistance parameter only increases the cathode stack pressure loss from 1.8 kPa to 2.0 kPa; this increase of 11% is much smaller than the pressure loss increase of over 800% incurred if the voltage spread reduction is achieved by reducing the number of gas flow channels per bipolar plate from three to one. Thus, the energy required to overcome the stack pressure loss would be less if a variable ζ i is used, allowing for greater system efficiency. However, varying the flow resistance from cell to cell may be difficult to implement since it requires the customization of each bipolar plate.
Finally, it should be pointed out that the above modeling results are based on a 5 kW 50 cell PEM fuel cell stack. However, we don't have access to the test results for the validation of the present model. Thus the above results should be treated as qualitative for the moment. However, the single cell model used in this study has been validated against the single cell test results [15] , and the stack flow model has been validated against experimental results for a different application [23, 24] . In this sense, the present model can be used as a useful tool for the design and optimization of PEM fuel cell stacks.
Conclusions
The performance of 50 active cell, U and Z configuration stacks were simulated using a mathematical model that consisted of two parts. The first part of the model determined the distribution of mass flow rate and pressure in the stack manifold and the gas flow channels of the fuel cells through a hydraulic network analysis. The results of the hydraulic network analysis were used as an input parameter for the second part of the model, which calculated the voltage of each cell in the stack with a previously developed, mathematical model. Therefore, the distribution of mass flow rate within the stack influenced the voltage of each cell in the stack; a small mass flow rate in a cell resulted in a low cell voltage. This relationship between mass flow rate distribution and individual cell voltage lead to the performance of fuel cells operating within a stack being lower when compared to a fuel cell operating independently. The magnitude of the performance difference between www.witpress.com, ISSN 1755-8336 (on-line) single cells and cells within stacks was larger for U than for Z configuration stacks, and greater when the anode/cathode reactant compositions were fully humidified reformate/air, rather than H 2 /air. Eliminating the performance differential could be achieved by ensuring that each cell in the stack had the same mass flow rate, and three methods of attaining a uniform mass flow rate distribution were examined. The first method was increasing the cross-sectional area of the stack manifold, while the second involved decreasing the number of gas flow channels per bipolar plate. Finally, a uniform distribution of mass flow rate within the stack could be achieved by varying, from cell to cell, the resistance to mass flow in the gas flow channels.
where µ g is the viscosity of the gas mixture and µ H 2 O ( ) is the viscosity of liquid water. The Wilke correlation is used to find the viscosity of the gas mixture [22] :
where the individual gas viscosities are found using a power law [17] .
The viscosity of liquid water can be found with the relationship [17] 
